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Abstract
Bound-state solutions of the singular harmonic oscillator and singular Coulomb potentials in
arbitrary dimensions are generated in a simple way from the solutions of the one-dimensional gen-
eralized Morse potential. The nonsingular harmonic oscillator and nonsingular Coulomb potentials
in arbitrary dimensions with their additional accidental degeneracies are obtained as particular
cases. Added bonuses from these mappings are the straightforward determination of the critical
attractive singular potential, the proper boundary condition on the radial eigenfunction at the
origin and the inexistence of bound states in a pure inversely quadratic potential.
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I. INTRODUCTION
Some exactly soluble systems with importance in atomic and molecular physics have
been approached in the literature on quantum mechanics with a myriad of methods. Among
such systems is the Morse potential a(e−αx − 2e−2αx) [1]-[19], the D-dimensional pseudo-
harmonic potential a (x/b− b/x)2 [4]-[5], [20]-[31], and the D-dimensional Kratzer-Fues po-
tential a (b2/x2 − 2b/x) and its modified version a (b2/x2 − b/x) [4]-[5], [12], [30]-[34]. More
general exactly soluble systems have also been appreciated: the generalized Morse potential
Ae−αx + Be−2αx [31], [35]-[39], the singular harmonic oscillator Ax2 + Bx−2 [3]-[5], [19],
[36], [40]-[51] and the singular Coulomb potential Ax−1 + Bx−2 [2]-[5], [36], [40], [48], [50],
[52]-[57].
In a recent paper [58], it was shown that the Schro¨dinger equation for all those exactly
solvable problems mentioned above can be reduced to the confluent hypergeometric equation
in such a way that it can be solved via Laplace transform method with closed-form eigen-
functions expressed in terms of generalized Laguerre polynomials. Connections between the
Morse and those other potentials have also been reported. The three-dimensional Coulomb
potential has been mapped into the one-dimensional Morse potential and into the three-
dimensional singular Coulomb potential via change of function and variable [59]. The Morse
potential with particular parameters has been mapped into the two-dimensional harmonic
oscillator [60] and into the three-dimensional Coulomb potential [61]. Later, the generalized
Morse potential was mapped into the three-dimensional harmonic oscillator and Coulomb
potentials [62]-[63]. Furthermore, a certain mapping between the Morse potential with par-
ticular parameters and the three-dimensional Kratzer-Fues potential has been found with
fulcrum on the algebra so (2, 1) and its representations [64]. Although the Morse and the
Kratzer-Fues potentials are well-known systems, the map connecting them was used recently
to obtain the Wigner distribution functions for the Kratzer-Fues potential from the Wigner
distribution functions of the Morse potential [65].
In this paper, an alternative and more general approach for the mapping is developed. We
show that bound-state solutions of the singular harmonic oscillator and singular Coulomb
potentials in arbitrary dimensions can be generated in a simple way from the bound states
of the one-dimensional generalized Morse potential via Langer transformation [59]. Links
with the nonsingular harmonic oscillator and nonsingular Coulomb potentials in arbitrary
2
dimensions with their additional accidental degeneracies are obtained as particular cases.
Added bonuses from these interrelationships are the straightforward determination of the
critical attractive singular potential (that one which avoids the famous “fall of a particle to
the centre” [3]) and the proper boundary condition on the radial eigenfunction at the origin
(that one which excludes spurious solutions coming from the Laplacian operator (see, e.g.
[66]-[67])). As a mere epiphenomenon of our approach, it is shown that a pure inversely
quadratic potential can not hold bound states.
In Sec. II we present a detailed analysis of the bound-state solutions in a one-dimensional
generalized Morse potential. In Sec. III we present a few relevant properties of the
Schro¨dinger equation in D dimensions for spherically symmetric potentials. We then pro-
ceed to show that the bound states in the singular harmonic oscillator and singular Coulomb
potentials are linked to the bound states in the generalized Morse potential. Final remarks
comprise Sec. IV.
II. BOUND STATES IN A GENERALIZED MORSE POTENTIAL
The time-independent Schro¨dinger equation is an eigenvalue equation for the character-
istic pair (E, ψ) with E ∈ R. For a particle of mass m embedded in a one-dimensional
potential V (x) it is given by
d2ψ (x)
dx2
+
2m
~2
[E − V (x)]ψ (x) = 0, (1)
where ~ is Planck’s constant, and
∫ +∞
−∞
dx |ψ|2 = 1 for bound states. For the generalized
Morse potential
V (x) = V1e
−αx + V2e
−2αx, α > 0, (2)
the substitution
ξ =
2
√
2mV2 e
−αx
~α
(3)
and the definitions
s =
√−2mE
~α
, a =
mV1
~α
√
2mV2
+ s+
1
2
(4)
convert Eq. (1) into
d2ψ (ξ)
dξ2
+
1
ξ
dψ (ξ)
dξ
+
(
−1
4
+
s− a+ 1/2
ξ
− s
2
ξ2
)
ψ (ξ) = 0, (5)
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whose solutions have asymptotic limits expressed as ψ (ξ) →
|ξ|→0
ξ±s and ψ (ξ) →
|ξ|→∞
e±ξ/2.
On account of the normalization condition,
∫∞
0
d|ξ| |ψ (ξ) |2/|ξ| = α, one has that ψ behaves
like ξs as |ξ| → 0 and like e−ξ/2 as |ξ| → ∞ with ξ ∈ R (V2 > 0) and s > 0 (E < 0). We
write ψ = e−ξ/2ξsw, where w satisfies Kummer’s equation
ξ
d 2w (ξ)
dξ2
+ (2s+ 1− ξ) dw (ξ)
dξ
− aw (ξ) = 0 (6)
with general solution expressed as
w (ξ) = AM (a, 2s+ 1, ξ) +BU (a, 2s+ 1, ξ) . (7)
Here, A and B are arbitrary constants, M (a, b, z) = 1F1 (a, b, z) is the confluent hypergeo-
metric function [68], and
U(a, b, z) =
π
sin πb
[
M (a, b, z)
Γ (1 + a− b) − z
1−bM (1 + a− b, 2− b, z)
Γ (a) Γ (2− b)
]
, (8)
where Γ (z) is the gamma function. One has to search particular solutions of Eq. (6) such
that w (ξ) →
ξ→0
C and w (ξ) →
ξ→∞
ξα1eα2ξ
α3 , where C is a nonvanishing constant, α1 and α2
are arbitrary constants, and α3 < 1. This occurs because ξ
α1eα2ξ
α3−ξ/2 → e−ξ/2 as ξ → ∞.
For the reason that [68]
M (a, b, z) →
|z|→0
1, U (a, b, z) →
|z|→0
Γ (b− 1) z1−b
Γ (a)
for b 6= 1, (9)
one has B = 0. On the other hand [68],
M (a, b, z)
Γ (b)
→
|z|→∞
eipiaz−a
Γ (b− a) +
ezza−b
Γ (a)
, −π/2 < arg z < 3π/2, (10)
so that w diverges as eξ for large ξ. Due to the poles of the gamma function in (10), this bad
behaviour can remedied making −a = n ∈ N. It follows from (4) that V1 < 0 and therefore
the generalized Morse potential is able to hold bound states only if it has a well structure
(V1 < 0 and V2 > 0). Furthermore, M (−n, b, z) is proportional to the generalized Laguerre
polynomial L
(b−1)
n (z), a polynomial of degree n [68]. Therefore,
ψn (ξ) = Nn ξ
se−ξ/2L(2s)n (ξ) , (11)
where Nn is a normalization constant. Substituting a = −n in Eq. (4), one finds the
quantization condition
n+ s +
1
2
=
m|V1|
~α
√
2mV2
, (12)
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and because s > 0 one gets
n <
m|V1|
~α
√
2mV2
− 1
2
. (13)
This restriction on n limits the number of allowed states and requires m|V1|/
(
~α
√
2mV2
)
>
1/2 to make the existence of a bound state possible. Finally, the solution of the quantization
condition is expressed as
En = − V
2
1
4V2
[
1− ~α
√
2mV2
m|V1|
(
n+
1
2
)]2
. (14)
These results for the generalized Morse potential is in agreement with those ones obtained
in Ref. [58] via Laplace transform method.
III. BOUND STATES IN D DIMENSIONS
The D-dimensional time-independent Schro¨dinger equation is expressed as (see, e.g. [19],
[69])
− ~
2
2m
∇2Dψ (~r) + V (~r)ψ (~r) = εψ (~r) , (15)
where ∇2D is the D-dimensional Laplacian operator. In spherical coordinates ~r = (r,Ω).
Here, r = |~r| ∈ [0,∞), and Ω denotes a set of D − 1 angular variables. Eq. (15) is an
eigenvalue equation for the characteristic pair (ε, ψ) with ε ∈ R and ∫ dτ |ψ|2 = 1 for bound
states. In this last formula dτ = rD−1drdΩ is the volume element and the integral is taken
over the whole hyperspace.
For spherically symmetric potentials one can write (see, e.g. [19], [69])
ψ (~r) = r(1−D)/2 u(r)Y (Ω) , (16)
where u obeys the radial equation
d2u (r)
dr2
+
2m
~2
[
ε− V (r)− L (L+ 1) ~
2
2mr2
]
u (r) = 0 (17)
with
∫∞
0
dr |u|2 = 1 for bound-state solutions, and
L = l + (D − 3) /2 or L = −l − (D − 1) /2, (18)
5
in which l = 0, 1, 2, . . . In (16), Y denotes the normalized hyperspherical harmonics
(
∫
dΩ |Y |2 = 1) labeled by D − 1 quantum numbers:
lD−1 = l, lD−2 = 0, 1, 2, . . . , lD−1, lD−3 = 0, 1, 2, . . . , lD−2,
...
l4 = 0, 1, 2, . . . , l5, l3 = 0, 1, 2, . . . , l4, l2 = 0, 1, 2, . . . , l3, (19)
l1 = −l2,−l2 + 1, . . . ,+l2 − 1,+l2.
Hence, the essential degeneracy of the spectrum for a given l is expressed by [69]
dl (D) =
(D + 2l − 2) (D + l − 3)!
l! (D − 2)! . (20)
With potentials expressed as
V (r) = Zrδ +
~
2β
2mr2
, (21)
the Langer transformation [59]
u =
√
r/r0 φ, r/r0 = e
−Λαx, (22)
with r0 > 0 and Λ > 0, transmutes the radial equation (17) into
d2φ (x)
dx2
+
2m
~2
{
−(~ΛαS)
2
2m
− (Λαr0)2
[
Zrδ0e
−Λα(δ+2)x − εe−2Λαx]
}
φ (x) = 0, (23)
with
S =
√
β + (L+ 1/2)2. (24)
At this point, it is instructive to note that S is insensible to the different choices of L as pre-
scribed by (18). Besides that, Eq. (23) is precisely the Schro¨dinger equation for the ‘Morse
potential’ with V1 = 0 or V2 = 0 when (21) is the pure inversely quadratic potential (δ = 0 or
δ = −2). In this case there is no bound-state solution. Nevertheless, a connection with the
bound states of the generalized Morse potential, with
∫ +∞
−∞
dx e−2Λαx|φ|2 = (Λαr0)−1, might
be reached if the pair (δ,Λ) is equal to (2, 1/2) or (−1, 1). As an immediate consequence of
the mapping for bound states S2 > 0. Thus,
β > − (D − 2)2 /4. (25)
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Furthermore, the existence of bound states also demands φ (x) →
x→+∞
e−ΛαS x with ΛS > 0,
in such a way that
u (r) →
r→0
r1/2+S. (26)
The above restriction on the coupling constant β and the boundary condition u (0) = 0
represent important pieces for the determination of bound states. The first one excludes
strongly attractive singular potentials and can be obtained by recurring to a regularization of
the potential at the origin (see, e.g. [3]). The second one, well-grounded even for nonsingular
potentials, can be legitimated by ruling out the Dirac delta function δ (~r) coming from the
Laplacian operator in (15) (see, e.g. [66]-[67]).
A. The singular harmonic oscillator
With δ = 2 plus the definition Z = mω2/2, the potential (21) is written as
V (r) =
1
2
mω2r2 +
~
2β
2mr2
. (27)
In order to complete the identification of the bound-state solutions with those ones from the
generalized Morse potential one must choose Λ = 1/2, V1 = −α2r20ε/4 and V2 = α2r40mω2/8.
For the reason that V1 < 0 and V2 > 0 one can see that bound-state solutions require ε > 0
and ω2 > 0, respectively, and choosing ω > 0 one can write
ξ = mωr2/~. (28)
Furthermore, (13) implies ε > 2~ω (n+ 1/2). Using (14) and (24) one can write the complete
solution of the problem as
εnL = ~ω (2n+ 1 + S) ,
(29)
unL(r) = AnLr
1/2+Se−mωr
2/(2~)L(S)n
(
mωr2/~
)
.
When β = 0, the case of a pure harmonic oscillator, one can write
εN = ~ω (N +D/2) , N = 0, 1, 2, . . . , (30)
where N = 2n+l. The radial eigenfunction u, though, is labelled with the quantum numbers
N and l, with l even (odd) for N even (odd) and l ≤ N .
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B. The singular Coulomb potential
Now, δ = −1 and
V (r) =
Z
r
+
~
2β
2mr2
. (31)
Comparison of the bound states with those ones from the generalized Morse potential is
done by choosing Λ = 1, V1 = α
2r0Z and V2 = −α2r20ε. The conditions V1 < 0 and V2 > 0
imply Z < 0 and ε < 0, respectively. Now,
ξ = 2
√
2m|ε| r/~ (32)
and (13) implies ε > −~2/[2ma2 (n+ 1/2)2]. Here, a = ~2/ (m|Z|). Using (14) and (24) one
can write
εnL = − ~
2
2ma2 (n+ 1/2 + S)2
,
(33)
unL (r) = BnLr
1/2+Se−r/[a(n+1/2+S)]L(2S)n (2r/ [a (n+ 1/2 + S)]) .
In the case of a pure Coulomb potential (β = 0), one can write
εN = − ~
2
2ma2 [N + (D − 3) /2]2 , N = 1, 2, 3, . . . (34)
Here N = n+ l+1 and the radial eigenfunction u is labelled with the quantum numbers N
and l, with l ≤ N − 1.
IV. FINAL REMARKS
We have shown that the complete infinite sets of bound-state solutions of the singular
harmonic oscillator and singular Coulomb potentials (and their higher degenerate nonsingu-
lar counterparts) in arbitrary dimensions can be extracted from the finite set of bound-state
solutions of the one-dimensional generalized Morse potential in a simple way. Surprisingly,
the determination of the critical coupling constant βc = − (D − 2)2 /4 as well as the proper
boundary condition u (0) = 0 emerged in a natural manner. As a by-product, we have shown
that there is no bound state in a pure inversely quadratic potential.
8
ACKNOWLEDGMENTS
We thank Prof. Dr. M. G. Garcia for useful discussions. This work was supported in
part by means of funds provided by FAPESP and CNPq (grant 304743/2015-1).
[1] P. M. Morse, Phys. Rev. 34, 57 (1929).
[2] E. U. Condon and P. M. Morse, Quantum Mechanics (McGraw-Hill, New York, 1929).
[3] L. D. Landau and E. M. Lifshitz, Quantum Mechanics - Non-Relativistic Theory (Pergamon,
New York, 1958).
[4] I. I. Gol’dman and V. D. Krivchenkov, Problems in Quantum Mechanics (Pergamon, London,
1961).
[5] D. ter Haar, Problems in Quantum Mechanics (Pion, London, 1975).
[6] R. Wallace, Chem. Phys. Lett. 37, 115 (1976).
[7] M. M. Nieto and L. M. Simmons Jr., Phys. Rev. A 19, 438 (1979).
[8] I. H. Duru, Phys. Rev. D 28, 2689 (1983).
[9] C. C. Gerry, Phys. Rev. A 33, 2207 (1986).
[10] S. Kais and R. D. Levine, Phys. Rev. A 41, 2301 (1990).
[11] I. L. Cooper, J. Phys. A 25, 1671 (1992).
[12] S. Flu¨gge, Practical Quantum Mechanics (Springer, Berlin, 1994).
[13] E. Drigo Filho and R. M. Ricota, Phys. Lett. A 269, 269 (2000).
[14] A. Frank, A. L. Rivera, and K. B. Wolf, Phys. Rev. A 61, 054102 (2000).
[15] S.-H. Dong, R. Lemus, and A. Frank, Int. J. Quantum Chem. 86, 433 (2002).
[16] S.-H. Dong and G.-H. Sun, Phys. Lett. A 314, 261 (2003).
[17] G. Chen, Phys. Lett. A 326, 55 (2004).
[18] R. Lemus, J. M. Arias, and J. Go´mez-Camacho, J. Phys. A 37, 1805 (2004).
[19] S.-H. Dong, Factorization Method in Quantum Mechanics (Springer, Dordrect, 2007).
[20] Y. Weissman and J. Jortner, Phys. Lett. A 81, 202 (1981).
[21] M. Sage, Chem. Phys. 87, 431 (1984).
[22] M. Sage and J. Goodisman, Am. J. Phys. 53, 350 (1985).
[23] D. Popov, J. Phys. A 34, 5283 (2001).
9
[24] L. Y. Wang, X.-Y Gu, Z.-Q. Ma, and S.-H Dong, Found. Phys. Lett. 15, 569 (2002).
[25] B. Thaller, Advanced Visual Quantum Mechanics (Springer, New York, 2005).
[26] R. Sever, C. Tezcan, M. Aktas¸, and O. Yes¸iltas¸, J. Math. Chem. 43, 845 (2007).
[27] S. M. Ikhdair and R. Sever, J. Mol. Structure 806, 155 (2007).
[28] K. J. Oyewumi, F. O. Akinpelu, and A. D. Agboola, Int. J. Theor. Phys. 47, 1039 (2008).
[29] S. M. Ikhdair and R. Sever, Cent. Eur. J. Phys. 6, 685 (2008).
[30] S. M. Ikhdair and R. Sever, Cent. Eur. J. Phys. 6, 697 (2008).
[31] C. Tezcan and R. Sever, Int. J. Theor. Phys. 48, 337 (2009).
[32] A. Kratzer, Z. Phys. 3, 289 (1920).
[33] E. Fues, Ann. Phys. (Paris) 80, 281 (1926).
[34] M. Molski, Phys. Rev. A 76, 022107 (2007).
[35] A. O. Barut, A. Inomata, and R. Wilson, J. Math. Phys. 28, 605 (1987).
[36] V. G. Bagrov and D. M. Gitman, Exact Solutions of Relativistic Wave Equations (Kluer,
Dordrecht, 1990).
[37] L. Chetouani, L. Guechi, and T. F. Hammann, Hel. Phys. Acta 65, 1069 (1992).
[38] L. Chetouani, L. Guechi, and T. F. Hammann, Czech. J. Phys. 43, 13 (1993).
[39] A. Arda and R. Sever, Comm. Theor. Phys. 58, 27 (2012).
[40] F. Constantinescu and E. Magyari, Problems in Quantum Mechanics (Pergamon, Oxford,
1971).
[41] C. J. Ballhausen, Chem. Phys. Lett. 146, 449 (1988).
[42] C. J. Ballhausen, Chem. Phys. Lett. 151, 428 (1988).
[43] G. Palm and U. Raff. Am. J. Phys. 71, 247 (2003).
[44] G. Palm and U. Raff. Am. J. Phys. 71, 956 (2003).
[45] S.-H. Dong and M. Louzada-Cassou, Int. J. Mod. Phys. B 19, 4219 (2005).
[46] S.-H. Dong, M. Louzada-Cassou, J. Yu, F. Jime´nez-A´ngeles, and A. L. Rivera, Int. J. Quantum
Chem. 107, 366 (2006).
[47] C. A. Singh and O. B. Devi, Int. J. Quantum Chem. 106, 415 (2006).
[48] S.-H. Dong, D. Morales, and J. Garc´ıa-Ravelo, Int. J. Mod. Phys. E 16, 189 (2007).
[49] S. H. Patil and K. D. Sen, Phys. Lett. A 362, 109 (2007).
[50] S. M. Ikhdair and R. Sever, Int. J. Mod. Phys. C 20, 361 (2009).
[51] D. R. M. Pimentel and A. S. de Castro, Rev. Bras. Ens. Fis. 35, 3303 (2013).
10
[52] R. L. Hall and N. Saad, J. Chem. Phys. 109, 2983 (1998).
[53] K. J. Oyewumi, Found. Phys. Lett. 18, 75 (2005).
[54] S. M. Ikhdair, Chin. J. Phys. 46, 291 (2008).
[55] D. Agboola, Acta Phys. Polonica 120, 371 (2011).
[56] D. R. M. Pimentel and A. S. de Castro, Rev. Bras. Ens. Fis. 36, 1307 (2014).
[57] T. Das and A. Arda, Adv. High Energy Phys. 2015, 137038 (2015).
[58] P. H. F. Nogueira, A. S. de Castro, and D. R. M. Pimentel, J. Math. Chem. 2016,
10.1007/s10910-016-0621-z.
[59] R. E. Langer, Phys. Rev. 51, 669 (1937).
[60] R. Montemayor and L. Urrutia, Am. J. Phys. 51, 641 (1983).
[61] S.-Y. Lee, Am. J. Phys. 53, 753 (1985).
[62] R. W. Haymaker and A. R. P. Rav, Am. J. Phys. 41, 928 (1986).
[63] H. Sun, Bull. Korean Chem. Soc. 29, 85 (2008).
[64] I. L. Cooper, Int. J. Quantum Chem. 49, 25 (1994).
[65] J. Stanek, Int. J. Quantum Chem. 110, 1615 (2010).
[66] R. Spector, J. Math. Phys. 8, 2357 (1967).
[67] A. A. Khelashvili and T. P. Nadareishvili, Am. J. Phys. 79, 668 (2011).
[68] N. N. Lebedev, Special functions and their applications (Prentice-Hall, Englewood Cliffs,
1965).
[69] J. Avery, Hyperspherical Harmonics. Applications in Quantum Theory (Kluer, New York,
1934).
11
